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Magnetic Field Sensing Beyond
the Standard Quantum Limit Using
10-Spin NOON States

Jonathan A. Jones,* Steven D. Karlen,? Joseph Fitzsimons,?* Arzhang Ardavan,*

Simon C. Benjamin,?* G. Andrew D. Briggs,? John J. L. Morton
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Quantum entangled states can be very delicate and easily perturbed by their external environment.
This sensitivity can be harnessed in measurement technology to create a quantum sensor with a
capability of outperforming conventional devices at a fundamental level. We compared the
magnetic field sensitivity of a classical (unentangled) system with that of a 10-qubit entangled
state, realized by nuclei in a highly symmetric molecule. We observed a 9.4-fold quantum
enhancement in the sensitivity to an applied field for the entangled system and show that this spin-
based approach can scale favorably as compared with approaches in which qubit loss is prevalent.
This result demonstrates a method for practical quantum field sensing technology.

he concept of entanglement, in which co-
I herent quantum states become inextrica-
bly correlated (/), has evolved from one
of the most startling and controversial out-
comes of quantum mechanics to become the
enabling principle of emerging technologies
such as quantum computation (2) and quantum
sensors (3, 4). The use of entangled particles in
measurement permits the transcendence of the
standard quantum limit in sensitivity, which
scales as /N for N particles, to the Heisenberg
limit, which scales as N. This approach has been
applied to optical interferometry by using entan-
gled photons (5) and by using up to six trapped
ions for the measurement of magnetic fields
and improvements in atomic clocks (6-8). Spin-
squeezing has been investigated as an alternative
mode of entanglement generation and has been
proposed for sensitive phase detection (9) and
demonstrated with four *Be” ions (10).

A single spin will precess in the presence of a
magnetic field. In the rotating frame used to
describe magnetic resonance, this precession
occurs at a rate governed by the detuning & of the
magnetic field from resonance (expressed in
frequency units), so that the state |0) + [1) evolves
as |0) + ¢|1) (for clarity, normalization constants
are omitted throughout). This principle forms the
basis of several kinds of magnetic field sensor, in
which the externally applied field & is detected as
a phase shift. States possessing many-qubit en-
tanglement can acquire phase at a greater rate and
thus offer an enhanced sensitivity to the applied
field.
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The requirements for constructing the re-
source of a large number of entangled spins are
less severe than those for a complete nuclear
magnetic resonance (NMR) quantum computer
(11-13). Indeed, rather than striving toward in-
dividual addressability of each constituent nu-
clear spin, global addressing is advantageous
in quickly and efficiently growing the state.
For example, we considered a star topology with

Fig. 1. Ten-spin NOON A
states are created by using
nuclear spins in the TMP
molecule. (A) Topology of
the spin qubits used to
generate the spin-NOON
state. (B) The TMP molecule
consists of a central 3P
nuclear spin surrounded
by nine identical *H spins.
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one central spin, 4, and N peripheral B spins,
which cannot be separately addressed (Fig. 1A).
The B spins cannot be distinguished by means
of any NMR observable, and their behavior is
well-described by number states, such as those
used to describe photon occupation in one of two
modes. Many-body entanglement in such states
has been referred to as the NOON state (14—16),
and has received much attention for its ability to
offer quantum-enhanced sensitivity in optical
interferometry. We define the spin-NOON state
as [Wnoon) = [Ny, 0;) + 10y, Ny), a superposition
of the N spins being all down and all up [this
has also been described as a “Schrédinger cat”
state, being the superposition of the two most
distinct states (/7)]. Such a spin-NOON state
will acquire phase ¢, thus showing an N-fold
increase in the phase accrued for a given 6 and
hence a greater sensitivity to the applied field.
Through single spin-flips, the spin-NOON
state may be transformed to “many, some +
some, many,” or MSSM states. For example, the
state [01000) + |10111) is one of the five possible
[Wa114) states. It is convenient to classify these
states by the difference in the Hamming weight
of the two elements of the superposition, or its
lopsidedness / (that is, [,y has [ = |p — g). In
the general case, spins 4 and B have different
sensitivities to the applied field, and so the en-
hancement in magnetic field sensitivity of the
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(C) The initial *'P NMR
spectrum of TMP (red).
Nuclear spin-NOON and
MSSM states are generated
and allowed to evolve for
some short time under
the influence of an off-
resonance magnetic field.
After mapping these en-
tangled states back to
the 3P, the resulting spec-
trum (blue) shows how
the phase shift acquired
increases with the lopsided-
ness of the state. Low- ‘ ‘
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intensity peaks between
pairs of NMR lines arise
from coupling to impuri-
ties. (D) Spin-NOON states
are generated by first ap- D
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total system depends on a weighted form of /,
which we call /,, which includes the relative gyro-
magnetic ratios of the 4 and B spins. Analogous
ideas have been explored in the context of optical
Fock states (/8).

A molecule with a suitable star topology is
trimethyl phosphite (TMP) (Fig. 1B), com-
prising one central P spin and nine identical
surrounding '"H spins (the intervening O and
C nuclei are mostly spin-zero and may be ne-
glected). The NMR spectrum of *'P is shown
in Fig. 1C (red curve) (/9). Coupling to the lo-
cal 'H spins shifts the resonance frequency of
the *'P by some amount depending on the total
magnetization of the 'H. Within the pseudo-
pure state model (//—13), the lines in the >'P
NMR spectrum can thus be assigned to the
following 'H states: |9, 0), P8.15 P7.2> --> P1.8>
[0, 9). Any experimentally accessible “many,
some” (MS) state is an equal mixture of the
relevant pure states |M, S);, where i runs over
the indistinguishable permutations of |M, S).
We describe MS states in terms of the density
matrix pass = 2 |M.S); (M.S];.

Given the gyromagnetic ratios of 'H and
1P (42.577 and 17.251 MHz/T, respectively),
one would predict a ~23-fold enhancement in

phase sensitivity of the 10-spin NOON state
over a single *'P nucleus, or a factor of ~9.4 en-
hancement over the single 'H nucleus, which is
most commonly used in present sensors.

We now describe the steps required to
generate the spin-NOON state and then map the
accumulated phase back onto the 4 spin (Fig.
1D). The 4 spin (*'P) in the star topology is dis-
tinguishable, and its state is therefore given sep-
arately in the spin basis. All the spins start in a
ground state: ¥ = (0), |000 ... 0)g = |0) |N, 0).
A Hadamard gate is applied to 4, followed by a
controlled NOT (C-NOT) gate applied to the B
spins, controlled by the state of 4, yielding ¥, =
[0) |V, 0) +[1) |0, N): an (N + 1)-spin NOON state
with the relevant lopsidedness 7, = (Nyz + v.)/Y5.
After some period Ty.y, V5 = |0) [N, 0) +
e(dTwit) |13 |0, N). A second identical C-NOT is
applied to the B spin in order to map the total phase
acquired onto 4: W, = (0) + e(®Tw) |1y) |N, 0),
which is directly detected. A similar C-NOT
method has been used to create a (1 + 3)-spin
entangled state for the purposes of enhanced spin
detection (20).

Rather than relying on pseudo—pure-state
preparation, we can select to observe the evolu-
tion of one of the 10 NMR lines and thus ef-

Fig. 2. Nuclear spin- A
NOON states demonstrate
an entanglement-enhanced
sensitivity to an external
magnetic field. (A) The
Fourier transform of the

evolution of each of the 10 § 4o§
NMR lines with respect ‘ ‘
to Tyait (Fig. 1D) shows
an increasing frequency
proportional to the in-
creasing lopsidedness [
of the entangled state

inhomogeneity. The 3'p

NMR spectrum of the TMP
molecule is shown above
for reference. (B) The Fou- 600
rier transform peak allows
an estimate of the effective
magnetic detuning from
resonance of the “H spins,

= EEEREa)

Y

produced. The intensity has 200

been normalized by using

the intensities of the ini- L 300

tial spectrum; the residual >

asymmetry in intensities & 20

is an artifact of static field

203 o 20 §-4o
p frequency (Hz

which improves with the B
use of higher-/ states. Solid
and dashed lines represent
NMR lines to the left and
right of center, respective-
ly. Experimental traces that
use the unentangled 3'P
or H spins are shown for
comparison. All peaks are
scaled to unit intensity.

Scaled FT.

I I I
3.0 3.2 3.4 3.6

Estimated detuning (uT)

REPORTS I

fectively post-select the signature of a particular
initial state, which is analogous to the way in
which post-selection has been employed in linear
optics experiments on NOON states (9). By ap-
plying the entangling operation described above
and observing the line corresponding to the orig-
inal B ("H) state |9, 0), we can identify the 10-spin
NOON state [0) |9, 0) + 1) |0, 9) and discern its
behavior in the presence of a magnetic field
detuning 8.

Figure 1C (blue curve) shows a measurement of
3p obtained after the pulse sequence described
above and shown in Fig. 1D. The free evolution
time Ty, was set to 400 us so that given the
magnetic field detuning (~3.13 pT), a phase shift
of ~0.107n would be experienced by a single
'H spin. Observing the left-most line (~48 Hz)
is equivalent to post-selecting the |0) |9, 0)
initial state and thus the 10-spin NOON state
with [, = 9.4, which has instead acquired a ~m
phase shift during the free-evolution period.

An advantage of the mixed initial state of the
"H nuclei is that it allows us to simultaneously
probe the evolution of all MSSM states for this
spin system (I, = [9.4 — 2m|, where 1 <m <9).
For example, the line at ~37 Hz corresponds to
the pg ; initial state of the B spins, which under
the operations applied will yield the MSSM
state pgy1g with , = 7.4, where we define
Z(\0>\M S); + IS, M),)

® ((O[M, S|, + (1S, M) (1)

Each element of the pg;1g mixture acquires phase
at the same rate, and a phase shift of ~0.79n was
observed (21). The phase acquired is less than for the
(I, = 94) state, but the signal-to-noise is greater.
Where spin polarization is weak, one of the inter-
mediate MSSM states with / < (N + 1) can yield the
optimum sensitivity to magnetic field offset. More-
over, an analysis of the differential phase acquired by
successive lines (obtained from a single experiment)
can provide more than the single bit of information
yielded by one NOON state resource (22).

To explore the evolution of the many-body
entangled states in more detail, we varied the
evolution time Ty, As T increases, the signal
from each line undergoes oscillations whose
frequency varies with Z,. The Fourier transform
with respect to T, was measured for the 10
different lines in the *'P NMR spectrum (Fig. 2).
The frequency, which corresponds to a sensitivity to
the magnetic field detuning, increases as one moves
to the outer lines of the spectrum, corresponding to
MSSM states with larger /, to a maximum for the
spin-NOON ' states at the ends. The linewidth
similarly increases slightly because of an enhanced
decoherence of the states with larger /; however,
this increase is sublinear (23), and so when the
precession frequency is used to extract an estimate
of magnetic field detuning, the uncertainty falls as
states with larger / are used (Fig. 2B).

Our [ynoon) 1s a simple Schrodinger cat state
of size N = 10 particles. A state of the form pyissm
is more complex, but we may say that it is
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equivalent to a canonical Schrodinger cat state that
decoheres at the same rate (24, 25). Then, despite
being a mixture, pyissy is nevertheless classified as
a Schrodinger cat state of full-sized N within the
local decoherence model of (24) (because neither
the bit flips nor the mixing inherent in pyssy alter
the rate at which locally independent phases
accumulate). If instead we have global decoherence
sources, then the effective Schrodinger cat size will
correspond to the lopsidedness |M — S| for precisely
the reasons of field sensitivity described above.

It is worth contrasting the practical utility of the
NOON state approach in two scenarios: in which
qubit loss is dominant (such as in optical
implementations), and in which phase decoherence
is dominant (such as in NMR). Losing even a
single photon from a NOON state prevents the
phase build up from being measured. Other useful
photonic states may have greater inherent robust-
ness (/8), but such states have yet to be realized
experimentally. As the number of photons in the
NOON state is increased, the probability of
obtaining a successful measurement decreases
exponentially. The sensitivity of the NOON state
scales only linearly with its size, so the decreasing
probability of success rapidly removes any advan-
tage gained through the use of entanglement. For a
fixed probability of photon loss €, this imposes a
fundamental limit, corresponding to the minimum
of the dashed curves in Fig. 3. The optimum size of
an optical NOON state scales as —log(l1 — €)',
beyond which the use of larger entangled states is
detrimental to sensitivity. This practical limitation
has motivated the development of alternative
methods for optical phase sensing in which neither
NOON states, nor indeed entangled states of any
kind, are employed (22).

Molecular spin-NOON states do not suffer loss
in the same manner as optical systems, and the
dominant source of error becomes dephasing noise
caused by unaccounted-for fields experienced by
individual spins. The effect of such noise versus
increasing system size can be characterized by using

Fig. 3. Spin-NOON states 101

an appropriate measurement strategy. In a noise-free
system, the rate at which phase ¢ is acquired by the
spin-NOON state would correspond directly to the
field strength to be detected. We wish to minimize
the variance in this quantity (/6) so that

2 (08 _ N9 _ 1
2R -F-m O

Given a fixed time 7, to perform the sensor
operation, one could make M separate measure-
ments each of exposure time Tg = T, /M — Tg,
where 7 is the gating and measurement time. This
strategy will minimize the effects of finite local
noise, provided that 7 << Tg. The variance on
the mean of M individual measurements is

L] + : %Azh
M\N2T; ~ N25

: ( : +EA2h) (3)

A%S =

T T \W2Tz N

where 4; is the phase contribution to spin 7 from
local fields. For any nonzero A%h, minimizing
this quantity will yield Tj; o< N2, resulting in
A% o< N " The sensitivity of the system thus
limits to N***. Provided that the measurements
can be made on a short time scale as compared
with the decoherence time of the spin-NOON
state (ccN ""?), creating larger entangled states
will produce greater sensitivity.

In addition to demonstrating how an enhanced
sensitivity to magnetic fields can be achieved by
using entanglement in nuclear spins, this work
represents progress toward the realization of “spin
amplification”” schemes, which use a bath of B spins
to measure the state of A for the purposes of single-
spin detection (20). Analogous to the way in which
photon loss poses a limitation to the extent of the
resource (photon number), which can be called up
for entanglement-enhanced measurement, a weak
thermal polarization restricts the effectiveness of

exhibit an enhanced robust-
ness to noise as compared
with optical NOON states.
Shown is a comparison of
the effect of noise on the SD
of phase estimates for spin-
NOON (blue solid curves) and
optical NOON states (green
dashed curves) for a range
of error probabilities. For
photonic systems, the dom-
inant source of error is taken
to be photon loss, which is

100

10"

Phase estimation standard deviation

assumed to occur with prob-
ability €. For spin-NOON
states, the dominant source
of error is taken to be a set

1072 R
100

10! 102 103

Size of NOON state

of random normally distributed magnetic fields that lead to the complete dephasing of disentangled spins with
probability € over the time scale of the measurement. The upper and lower dotted lines indicate the standard
quantum limit and the Heisenberg limit, respectively. The contribution is plotted per spin/photon, rather than
per NOON state, in order to allow a direct comparison of states of varying size.

this demonstration for practical magnetometry.
Fortunately, the approach described here is
readily applicable to electron spins, which can
offer a high degree of polarization at experimen-
tally accessible magnetic fields and temperatures.
Furthermore, dynamic nuclear polarization,
which is already employed in several methods for
magnetic field sensing by using nuclear spins
(26) or algorithmic cooling (27, 28), could be
applied here to yield improvements over currently
achievable sensitivity.
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